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1 Algebroids

Prerequisites: vector bundles, sections, tensors, Cartan formulas, sequences, classical field theory and
conserved currents.

1.1 2-dim variational problem

Some motivation. In string theory there are (conformal) surfaces embedded in 26 (10) dimensional
spacetime M . If g is a metric and B a 2-form on M , the kinetic term for a string propagating on M
is ∫

Σ
gµν(X) dXµa ∧ (∗hdXν)a +Bµν(X) dXµa ∧ dXν

a , X : Σ→M (1)

where Latin indices in the second term are contracted with the pseudotensor ϵab of Σ. Another
equivalent expression is ∫

Σ
dvolX∗(g) +

∫
Σ
X∗(B), (2)

The string dynamics can be found as a stationary (minimum) point of the functional. In other words,
it is a minimal surface embedded in M .

For a well-posed variational problem, by Nöther theorem we do not only ask for

LY g = 0, Y ∈ X1(M) (3)

but also
LYB = dα , α ∈ Ω1(M) , (4)

since action functionals that differ by a total derivative term (exact form) are equivalent. So we have
to consider vector fields and 1-forms on the same footing. They are the sections of a sum bundle,
TM ⊕ T ∗M over M :

Y + α ∈ Γ(TM ⊕ T ∗M). (5)

Moreover, composing two infinitesimal transformations fixes a bracket

[Y + α,Z + β] = LY (Z + β)− ιZdα , (6)

which is known as the Dorfman bracket of the Courant algebroid E ∼= TM ⊕ T ∗M . These
considerations were first put forth by Ševera in his letters to Weinstein [4].

Algebroids. Let us take a step back: we have been assigning the structure of an algebra to the
sections of a bundle. There are more ways of doing so:

• Lie algebroids: (E
π−→M, [−,−], ρ) with

– ρ is the bundle map ρ : E → TM called the anchor ;

– [−,−] : Γ(E) × Γ(E) → Γ(E) is a Lie bracket, so it is R-linear, skew-symmetric and has
the Jacobi identity:

[U, fV ] = ρ(U)f V + f [U, V ] , [U, V ] = −[V,U ], [U, [V,W ]]+ [V, [W,U ]]+ [W, [U, V ]] = 0
(7)

example: E = T ∗M, ρ = Π : T ∗M → TM, [α, β] = Lπ(α)β − Lπ(β)α

• Leibniz algebroids: (E
π−→M, [−,−], ρ) with

– ρ is the bundle map ρ : E → TM ;

– [−,−] : Γ(E) × Γ(E) → Γ(E) is neither skew nor symmetric, has the Jacobi identity (in
Leibniz form, see later (9)) and it is R-linear in the second entry:

[U, fV ] = ρ(U)f V + f [U, V ] . (8)
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• Courant algebroids: (E
π−→M, [−,−], ρ, ⟨−,−⟩) with

– ρ is the (surjective) bundle map ρ : E → TM ;

– ⟨−,−⟩ : Γ(E) ∨ Γ(E)→ C∞(M) is a symmetric bilinear pairing;

– [−,−] : Γ(E)× Γ(E)→ Γ(E) is a bracket with the properties:

1. R-linearity in the second entry: [U, fV ] = ρ(U)f V + f [U, V ];

2. the pairing is invariant under the adjoint action: ρ(W )⟨U, V ⟩ = ⟨[W,U ], V ⟩+⟨U, [W,V ]⟩;
3. it has a symmetric part: 2⟨[U,U ], V ⟩ = ρ(V )⟨U,U⟩;
4. Jacobi identity in Leibniz form:

[U, [V,W ]] = [[U,W ], V ] + [W, [U, V ]]. (9)

Exercise: find [fU, V ].

Exercise: verify that the Dorfman bracket (6) satisfies these axioms.

Exercise: with reference to TM ⊕ T ∗M with the projector to TM as anchor, correct the
axioms when the Courant bracket, a totally antisymmetric bracket defined as:

[Y + η, Z + ξ]C := LY Z + LY ξ − LZη −
1

2
d(ιY ξ − ιZη) (10)

replaces the CA bracket. In this case, we will violate the Jacobi identity.

A neat review on algebroids is Vysoký’s Ph.D. thesis, [6].

More detailed demonstration that Courant algebroids appear in the 2-dimensional varia-
tional problem. We could now go over the argument that the gauge symmetries of the string sigma
model fit into a Courant algebroid. This explanation rephrases [10].

First, closed strings with the geometry of a cylinder S1 × R have a phase space T ∗LM , where
LM = {X : S1 →M} is the loop space, whose canonical symplectic structure is

ω =

∫
S1

dσ δXµ ∧ δPµ ⇔ {Xµ(σ), Pν(σ
′)} = δµνδ(σ − σ′). (11)

Therefore the computation of Nöther charges when g has a Killing vector (Lvg = 0) and LvB = dα,
gives us the current (a current for a d = 2-dimensional sigma model, is by Nöther theorem the integral

of a d− 1 form–boundary term–and the variation under a symmetry δS[g,B]
δ∂tX

δX):

Jϵ =

∫
S1

dσ ϵ(vµ(X)Pµ + ξµ(X)∂σX
µ) (12)

where ξµ∂σX
µ is the boundary term i.e. Bµν dX

µ ∧ dXν ∼ Bµν dX
µ ∧ dXν +d(ξµ(X)dXµ), vµ is the

component of the vector field that leaves g invariant, and

Pµ =
δS

δ∂tX
.

Let us call U the generalized vector with components (vµ(X), ξµ(X)) and let V be another generalized
vector. If we compute the Poisson bracket:

{Jϵ1(U), Jϵ2(V )} = −Jϵ1ϵ2([U, V ]C) +

∫
S1

dσ(ϵ1∂σϵ2 − ϵ2∂σϵ1)⟨U, V ⟩ (13)

we find that it closes on the Courant bracket, plus an anomalous term. Associativity of the Poisson
bracket (i.e. Jacobi identity) does not hold (it is said to hold up to higher terms or up to homotopy).
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Remark 1) Exact, transitive CAs. In his letters to Weinstein [4], Ševera also classified exact
CAs, those which fit in a short exact sequence:

0→ T ∗M
j−→ E

ρ−→ TM → 0, im j = ker ρ . (14)

He showed that they can be classified with a closed 3-form. Exact CAs are isomorphic to the sum
bundle of tangent and cotangent bundle.

Another interesting situation arises when the sequence is not exact. Then the algebroids are
transitive Courant algebroids, with total space

E ∼= T ∗M ⊕ g⊕ TM , (15)

for g a semisimple Lie algebra with ⟨−,−⟩g an invariant pairing.

Remark 2) Aut. Automorphism group of the Dorfman bracket: what leaves the bracket invari-
ant? Certainly diffeomorphisms (Lie derivative and contractions are invariant under pullbacks), but
we can show that also B ∈ Ω2

cl(M) is in Aut:

AutDorf(E) = Ω2
cl(M)⋊Diff(M) . (16)

For the purpose of the proof, let us write

eB =

(
1 0
B 1

)
. (17)

Then

e−B[eBU, eBV ] =e−B([U, V ] + ιXdιYB + dιXιYB − ιY dιXB) (18)

=[U, V ]− ι[X,Y ]B + ιXdιYB + dιXιYB − ιY dιXB (19)

=[U, V ] + ιY ιXdB (20)

and the conclusion follows.
Exercise: Try to use eg+B now, with g a metric. Does it still give rise to a homomorphism? Verify

the axioms, using ⟨eg+B(U), eg+BV ⟩ = ⟨U, V ⟩+ g(X,Y ).
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2 Relation to QP manifolds

Motivation. QP manifolds appear in the context of topological field theories, constructed via the
celebrated AKSZ algorithm [15].

In the acronym QP, Q stands for a homological vector field Q2 = 0 and P is a Poisson structure
(we will just consider invertible ones, i.e., symplectic manifolds). An alternative, equivalent wording
is differential graded (dg) symplectic manifolds of degree n.

Primer of graded manifolds. To understand (positively) graded manifolds, let us start with a
graded vector space V . It decomposes into subspaces,

V =
⊕

i∈I⊂N
Vi (21)

and vectors forming a basis of Vi are said to be of degree i. In most applications, a Z2 grading is also
assigned (in plain English, even degree vectors have even parity, while odd degree vectors are parity
odd). A useful gadget is the degree shift, denoted by:

Vi[k] := Vi+k, i, k ∈ N.

Then the concept of a graded vector bundle can be suggested: similar to a vector bundle, it has as
fibers the graded vectors of V .

A graded manifold M is modeled over a regular manifold M with structure sheaf

OM ∼= OM ⊗ Λ•
V . (22)

To be concrete, for the smooth functions on an open set U ⊂M

C∞(U) ∼= C∞(U)⊗ Λ•V . (23)

Beware that is customary to invoke the isomorphism

∧V ∼= SymV [1]

so a function ϕ ofM can be expressed as:

ϕ(x, θi) = φ(x)J

imax=I∏
i=1

ni,max=dimVi∏
ni=0

θ
kini
i J = (k11, . . . , k

1
n1,max

, k21, . . . k
2
n2,max

, . . . ) . (24)

In the much simpler situation of a Z2-graded manifold (supermanifold) a function Ψ is

Ψ(x, θi) = ψ(x) + ψ(x)iθ
i + ψ(x)ijθ

iθj + · · ·+ ψ(x)i1...idimV
θi . . . θidimV .

An important characterization of graded manifolds is Batchelor’s theorem:

Every supermanifold is (non-canonically) isomorphic to a graded vector bundle.

In particular, the transition functions are x = x(x′) and θ′ =Mθ with M ∈ GL(dimV ).

Some trivia on graded symplectic geometry. Over M we can find a symplectic form (i.e. a
non-degenerate, closed 2-form). There are some immediate consequences for symplectic geometry over
a graded manifold, contrary to the standard case:

1. the 2-form is exact. This follows from the existence of a Euler vector field E and the fact that
ω has a degree n ̸= 0:

LEω = nω ⇒ 1

n
dιEω = ω . (25)
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2. Suppose to have a vector field Q of degree m that preserves the symplectic form, LQω = 0.
Then, if n ̸= −m, the vector field is Hamiltonian:

ι[E,Q]ω =[LE , ιQ]ω (26)

mιQω =ιEdιQω + dιEιQω − ιQnω (27)

ιQω =
1

n+m
(����ιELQω + dιEιQω). (28)

QP manifolds correspond to algebroids

The correspondence between QP manifolds and algebroids appeared in [8] but the work is attributed
jointly to Ševera–Roytenberg.

Equivalence of Lie algebroid with T ∗[1]M . On T ∗[1]M with coordinates x and η,1 we have
Q = η∂x and ω = dx∧ dη. They both have degree 1. The Poisson bracket of two functions of T ∗[1]M
corresponds to the Schouten bracket of multivector fields. Let us check it over degree 1 functions:

{w(x)iηi, u(x)kηk} =
(
w(x)i∂iu(x)k − u(x)i∂iw(x)k

)
ηk ⇔ [W,U ] (29)

{w(x)iηi, f(x)} = w(x)i∂if(x) ⇔ [W, f ] = ρ(W )(f) ≡W (f) (30)

Of course the bracket of the wannabe algebroid satisfies Jacobi identity (because the Poisson bracket
does). So T ∗[1]M withQ = η∂x and the canonical symplectic form is the Lie algebroid (Λ•(TM), [−,−]SN ).

Poisson sigma model: Let A be a 1-form on M with values in T ∗M , and X maps Σ→M . P ij is
the i, j-component of a Poisson tensor, which by definition satisfies

[P, P ] = 0 . (31)

Then the Poisson sigma model has the classical action∫
Σ
Ai ∧ dXi + P ijAi ∧Aj , (32)

and the invariance:
δϵX

j = ϵiP
ij , δϵAi = dϵi + P jk

,iAjϵk (33)

(the structure constants are derivatives of the Poisson bivector). Note: if we let the form take values
in su(n), the AKSZion (32) is a topological term of YM in two dimensions in first order formula-
tion. Cattaneo and Felder showed that a Feynman diagram expansion of the above AKSZion gives
Kontsevich’s deformation quantization.

Equivalence of CAs with the dg symplectic graded manifolds of degree 2. The graded
manifold under consideration is T ∗[2]T [1]M , with coordinates

coord. xi θi χi pi
space M T [1] T ∗[2]T [1] T ∗[2]M
degree 0 1 1 2

(34)

Then the canonical symplectic structure is ω = dx∧ dp+dθ ∧ dχ. Note that due to their Grassmann
parity, dθ ∧ dχ = dχ∧ dθ, i.e. a symplectic structure over a field of characteristic 2 is a metric. Then
the Hamiltonian (equivalent to assigning a homological vector field under property 2.) is

Θ = piρ
iα(x)ξα +

1

3!
Cαβγ(x)ξαξβξγ , ξα ≡ (θi, χi) (35)

1Note that C∞(T ∗[1]M) ∼= X(M)
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which is homogeneous of degree 3. To show that QP of degree 2 implies the structure of a Courant
algebroid over TM ⊕ T ∗M , it sufficient to employ the derived bracket with the Hamiltonian.

{{Uα(x)ξα,Θ}, V βξβ} = {Uαpiρ
i
α − ρiγ∂iUαξαξγ +

1

2
UαC

αβγξβξγ , V
βξβ} (36)

=Uαρiα∂iV
β − Vγρiγ∂iUαξα + ρiγ(∂iU

α)Vαξγ − UαVβC
αβγξγ , (37)

which is a component expression for the Dorfman bracket, twisted by an antisymmetric 3-tensor Cαβγ .
The tensor ρiα ∈ Hom(E, TM) is the anchor map, as evident from

{{Uα(x)ξα,Θ}, f(x)} = {Uαpiρ
i
α + . . . , f(x)} = Uαρiα∂if(x) . (38)

The pairing of the Courant algebroid is due to the metric on the degree 1 coordinates. Consistency
(i.e. that the bracket, anchor and pairing respect the axioms) follows from nilpotency of the Hamilto-
nian vector field, or equivalently:

{Θ,Θ} = 0 (39)

which is non-trivial in the realm of graded geometry.
In conclusion, T ∗[2]T [1]M with Θ given above and the canonical symplectic structure is equivalent to
(TM ⊕ T ∗M,ρ, [−,−]Dorfman, ⟨−,−⟩).

Courant sigma model: example of a BV (AKSZ) theory because it is over vector spaces of the
kind V ⊕ ΠV ∗ where V = T [1]M . We shall see just the classical part of the AKSZion. Be N a
3-dimensional manifold, and promote the coordinates of T ∗[2]T [1]M to maps N → T ∗[2]T [1]M . Then∫

N
pi dx

i +
1

2
ξα gαβ dξ

β −Θ (40)

is the classical Courant sigma model. Its quantization is easily produced by means of the AKSZ
algorithm.
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3 Geometries

Generalized geometry encompasses Riemannian, complex and symplectic geometry, as Hitchin, Gaultieri
and Cavalcanti made us aware of, in [1]. These geometries are found when scanning what the gener-
alized complex structures of (the complexification of) E are. Indeed, replicating the standard case, a
generalized complex structure is

J ∈ End(E), J 2 = −1, J T = −J .

The first condition defines an almost integrable complex structure but the second one is unexpected
from the viewpoint of standard differential geometry and is an antisymmetry condition.

Complex and symplectic geometry. Let us decompose J in blocks, adapted to the decomposition
E ∼= TM ⊕ T ∗M . Then it does not take long to convince ourselves that we can use a complex
structure J ∈ End(TM) (J2 = −1 and integrable, [X,Y ]+J([JX, Y ]+ [X, JY ])− [JX, JY ] = 0), and
ω ∈ Λ2T ∗M with dω = 0 to build the generalized almost complex structures:

JJ =

(
−J 0
0 J∗

)
, Jω =

(
0 −ω−1

ω 0

)
. (41)

Note, however, that a complex and a symplectic structure are just sufficient conditions for the existence
of J : one can find examples where neither J or ω are present onM , yet there is a generalized complex
structure (see nilmanifolds in 6 dimensions).
Regarding the integrability of the generalized almost complex structure, the definition is that the
+i-subbundle of E (hence the −i-subbundle too) must be involutive w.r.t. the Courant bracket. This
yields the closure condition for ω and the involutivity of the Lie bracket of vector fields.

Generalized Kähler structures. Notably, in complex differential geometry a Kähler metric can
be given as

h := ω(−, J), (42)

which is a metric because it is symmetric: h∗ = ω∗(−, J∗) = (−ω)(−,−J) = h). By analogy, this
suggests that multiplying JJ and Jω is a way to obtain a generalized Kähler metric.

An important G-structure. Let us go back to the real case. For an exact CA, the bundle E
π−→M

can be seen as a principal bundle with structure group

O(d, d) ⊂ GL(2d). (43)

Structure groups like this are called G-structures. The reduction of the structure group is determined
by the pairing. O(d, d) has physical interest because it is the T-duality group: an O(d, d)-invariant
theory is manifestly invariant under T-dualities (symmetries of effective string actions).

The orthogonal group of split signature O(d, d) is generated by

• B-field transform, B ∈ Ω2(M): the group element is(
1 0
B 1

)
, ⟨U +B(U), V +B(V )⟩ = ⟨U, V ⟩+B(U, V ) +B(V,U) = ⟨U, V ⟩ . (44)

• β-transform, where β is a bivector of M : the group element is(
1 β
0 1

)
, (45)

which, by a similar calculation as before, leaves the pairing invariant.

• the last group element is made up from AutTM ∋ R(
R 0
0 R−T

)
. (46)

Invariance of the pairing is checked, relies on R−1R = 1.
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Figure 1: The generalized metric turns TM⊕T ∗M (as a 1+1-dimensional vector space, its generators
are the horizontal and vertical axes) into E+⊕E−, another set that spans the same total vector space.
Needs labels!

Generalized metric. It is possible to define a metric via an involution τ : E → E, τ2 = 1. Then
the metric is

G ∈ S2(E∗), G := ⟨−, τ(−)⟩ . (47)

In fact, G(U, V ) = ⟨U, τ(V )⟩ = ⟨τ(V ), U⟩ τ
2=1
= ⟨V, τ(U)⟩ = G(V,U).

An immediate consequence to observe is that E splits into two subbundles, the eigenbundles of τ :
E+ ⊕ E−.
Secondly, note that we can embed TM into E± via the graph of a Riemannian metric and a 2-form
on M :

graph(±g +B) : TM → E± (48)

while the whole projector P± is

P± =
1

2
(id + (±g +B))

(
[id∓ g−1B]⊕±g−1

)
: E ∼= TM ⊕ T ∗M → E± (49)

so τ = P+ − P− in matrix form:

τ =

(
g−1B g−1

g −Bg−1B Bg−1

)
(50)

and one can easily read off the generalized metric, G = ⟨−, τ(−)⟩, by an unorthodox clockwise rotation.
An observation is immediate: a generalized metric is uniquely determined by a metric and a 2-form.

3.1 Physics of N = 2 stringy sigma models and generalized geometry

This rephrases an explanation by Zabzine [7]. In the notation of lecture 1, consider a superstring:
promote X(σ) and P (σ) to be superfields of S1|1 (Z2-graded fields)

χ = X + ϑΞ(σ), Π = π(σ) + iϑP , (51)

so that Π is Grassmann odd. The symplectic structure on the target space phase space T ∗[1]LM (the
cotangent to the super loop space) is

ω = i

∫
S1|1

dσ dϑ δΠµ ∧ δχµ (52)

These superfields should replace their counterparts to give the superstring sigma model Lagrangian
that we saw in the first lecture, (1). By construction, this system has one supersymmetry charge
Q1, but Gates–Hull–Roček [14] were able to show that a second supersymmetry Q2 is present. Their
algebra is

{Q1, Q1} = 2/P = {Q2, Q2} (53)

but otherwise they anticommute with each other. Note that the slashed notation means ΓiPi where
Γ is a Clifford algebra Gamma matrix {Γi,Γj} = 2gij (for some metric g). However here the index is
on the line, so Γi

1×1 = 1.

9



It turns out that one can represent Q2 as

Q2 = −
1

2

∫
S1|1

dσdϑ 2DχρΠνJ
ν
ρ +DχνDχρLνρ +ΠνΠρK

νρ (54)

where D := ∂ϑ + iϑ∂σ is the superderivative. For the momentum of the susy algebra (53) we shall
take:

P =

∫
S1|1

dσdϑ Πν ∂σχ
ν . (55)

Notice that (Dχ,Π) =: U can be interpreted as a pullback section of Φ∗(T [1]M ⊕ T ∗[1]M) where
Φ ∈ LM , and the tensors appearing in the realization of Q2 are combined in

J =

(
−J K
L J t

)
(56)

so that Q2 is written, with the help of the canonical pairing, as:

Q2 = −
1

2

∫
S1|1

dσdϑ ⟨U,JU⟩ . (57)

For the susy transformations of the fields, one can read them from:

δχ = {Q2, χ}, δΠ = {Q2,Π} . (58)

This supports the following conclusion: there is N = 2 supersymmetry iff the target space is a gener-
alized complex manifold. The proof is a lengthy calculation of the susy algebra with Q2 (53) and the
Poisson bracket associated to the symplectic form (52).

From a sketch of the proof, one gets the algebraic conditions

KT =−K (59)

LT =− L (60)

J2 =− 1 (61)

as well as some differential conditions, which amount to the integrability of the generalized complex
structure, phrased in terms of the projectors π± = 1

2(id± iJ ):

π∓[π±U, π±V ]C = 0 . (62)
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4 Connections and tensors

On the generalized tangent bundle, it would be interesting to have a covariant differential calculus
and to be able to define torsion and curvature tensors. The datum of an algebroid comes naturally
equipped with a derivation, the Lie/Leibniz/Courant bracket. Moreover, for a Courant algebroid with
a skew-symmetric bracket, it is possible to extrapolate the definition of a differential operator from
the axiom on the symmetric part of the bracket:

D :C∞(M)→ Γ(E) (63)

f 7→ g−1
E ◦ ρ

T ◦ d(f) (64)

for gE the pairing of the CA and d the de Rham differential. But are there more such notions?
This last lecture is about answering this question for CAs. Most of the familiar results of standard
Riemannian geometry will slip away here.

4.1 Connections

An (affine) connection for a vector bundle E
π−→M is an operator

∇ : Γ(E)→ Γ(TM)⊗ Γ(E) (65)

which is a derivation:
∇X fU = X(f)U + f∇XU. (66)

Note that it can be turned into an E-on-E connection,

∇ = ∇ρ(−). (67)

Now ∇ : Γ(E)→ Γ(E)⊗ Γ(E).
A Courant algebroid connection is an affine connection that is also requested to be compatible with
the pairing:

⟨∇U, V ⟩+ ⟨U,∇V ⟩ = ρ(−)⟨U, V ⟩ .

Bismut connection. The generalized metric leaves two eigenbundles defined, according to their
eigenvalue w.r.t. the involution τ . Therefore we could get the projectors P± (49), that can also be
expressed as the graph of the generalized metric:

P±(U) = U ±G(U) . (68)

Let us now denote sections of the E± bundles with a ± subscript. Define the linear map (B ∈ Ω2):

C : Γ(E)→ Γ(E)

X + α 7→ C(X + α) = X − α+B(X). (69)

One can show that the Bismut connection

∇ee
′ := [e+, e

′
−]− + [e−, e

′
+]+ + [C(e+), e

′
+]+ + [C(e−), e

′
−]− (70)

is a CA connection. Furthermore, it is a metric connection w.r.t. the generalized metric G.
Another expression of the Bismut connection as a TM -on-E connection is:

∇X = e−B

(
∇X −1

2g
−1H(X, g−1(∗),−)

−1
2H(X, ∗,−) ∇X

)
eB (71)

We postpone results about uniqueness of the torsion-free, G-metric connections to the next subsection.
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Remarks:

• for exact CA: a connection TM -on-E could be given as the splitting of the exact sequence:

0→ T ∗M
j−→ E

ρ−→←
∇
TM → 0 (72)

which means that ρ(∇Y ) = Y .

• Assume that the Courant algebroid has a ”dull bracket” [16], i.e. [[−,−]] : Γ(E)×Γ(E)→ Γ(E)
with the Leibniz property in both inputs (so it is interpolating between a Lie algebroid and a
Leibniz algebroid bracket)

[[gU, fV ]] = gρ(U)(f)V + fg[[U, V ]]− fρ(V )(g)U.

Then the difference between the CA bracket and the dull bracket is an affine CA connection
[17]:

⟨[U, V ]− [[U, V ]],W ⟩ = ⟨∇WU, V ⟩. (73)

One can verify that metric compatibility holds if [[−,−]] is skew-symmetric.

• A cutting-edge viewpoint on connections: representations up to homotopy [18]. These are not
so well studied. The setup is as follows:

– an operator ∂ on V turning it into a complex;

– an E-on-V connection ∇;
– a 2-form ω2 ∈ Ω2(E; End(V )) with

[∂, ω2] +R∇ = 0

– higher forms, recursive relations.

It roughly means that there are higher order curvature tensors.

4.2 Tensors

Given connections on the sections of an algebroid, it is natural to ask if the notions of torsion and
curvature still hold. The answer is positive for Lie algebroids, but corrections are needed in the case
of CAs: Both the non-skewsymmetric bracket and its skewsymmetric version spoil the transformation
property of the tensor, and of course using the former requires corrections if we want to preserve
antisymmetry.

Torsion. Let (E, [−,−], ρ, ⟨−,−⟩) be a CA. Let ∇ be an E-on-E connection. Then the naive torsion
tensor for the connection

T (U, V ) := ∇UV −∇V U − [U, V ] (74)

fails to be a tensor (we are not worrying about whether it is symmetric, antisymmetric or it has no
definite symmetry, for now). While

T (U, fV ) = fT (U, V ),

the problematic part is showing C∞(M)-linearity in the first entry. Recalling the axiom on the
symmetric part of the CA bracket and R-linearity:

⟨[fU, V ],W ⟩ = ρ(W )⟨fU, V ⟩ − ⟨[V, fU ],W ⟩
= ρ(W )(f)⟨U, V ⟩ − ρ(V )(f)⟨U,W ⟩+ f⟨[U, V ],W ⟩. (75)
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Note that even if we were using the skew-symmetric version, C∞(M)-linearity would still be missing:

[fU, V ]C = −ρ(V )(f)U +
1

2
Df⟨U, V ⟩+ f [U, V ]C .

An option for a well posed torsion tensor is to correct the extra term that spoils the property of a
tensor. This solution is due to Gualtieri [3] (non-skewsymmetric bracket version):

T (U, V,W ) := ⟨∇UV −∇V U − [U, V ],W ⟩+ ⟨∇WU, V ⟩ . (76)

Leveraging on compatibility of ∇ with the pairing, one can show that the torsion is totally antisym-
metric:

T ∈ Λ3E∗ , (77)

while the torsion of standard Riemannian geometry, as a 3-tensor, is an element of Λ2(T ∗M)⊗ T ∗M .
We are now ready to set up the generalized geometry definition of Levi-Civita connection and

then we shall accept that the metric and torsion free connections of a Courant algebroid are highly
non-unique.

Definition: Consider V± ⊆ E, a generalized metric. The CA connection ∇ is Levi-Civita if

1. ∇(V+) ⊆ V+,

2. T∇ = 0.

The set of Levi-Civita connections is non-empty but also does not have just one element, so there is
no fundamental theorem of Riemannian geometry in generalized geometry [20].

Curvature. Similarly, also the naive Riemann tensor is doomed by the same destiny of not being
a proper tensor. Anyway, proposals are available (see [6, sec. 2.4]) and an especially convenient one
holds for E-on-E connections induced by TM -on-E connections:

R(U, V ) := [∇U ,∇V ]−∇[U,V ] (78)

with the non-skew version of the bracket. In fact, tensoriality fails in a controlled way:

R(fU, V ) = fR(U, V )− ⟨U, V ⟩∇Df

and the last term vanishes when ∇ ≡ ∇ρ, as ρ ◦ D = 0.
For applications to physics it is more relevant to provide the Ricci tensor. Its definition is based

on the eigenbundles of the generalized metric and a divergence operator in the context of generalized
geometry, which is the following derivation

div : Γ(E)→ C∞(M) (79)

div(fU) = f divU + ρ(U)(f) . (80)

Divergences form an affine space over Γ(E): a divergence operator can be found from the divergence
corresponding to a density µ on M . A density is a volume form on the manifold, i.e. any differential
form of maximal dimension transforming with the determinant of the Jacobian of the transformation.
The divergence associated with µ is

divµ := µ−1 Lρ(−) µ (81)

so that every divergence can be obtained as

div = divµ + ⟨e,−⟩ . (82)

Very remarkably, divergences satisfy the following property (failure to be a derivation of the CA
bracket, while divµ is)

div[U, V ]− [divU, V ] + [U,divV ] = ⟨[e, U ], V ⟩ , (83)

for some section e.
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Eventually, the Ricci tensor of generalized geometry is defined in [9] for an E+ subbundle and a
divergence div:

GRicE+,div(U+, V−) := div [V−, U+]+ − [V−, divU+]− TrE+ [[−, V−]−, U+]+ (84)

which can be shown to be an E∗
+ ⊗ E∗

− antisymmetric tensor.
Why is this physically meaningful? When we have an exact CA with a given closed 3-form H and

a generalized metric G (that ultimately corresponds to the Riemannian metric g ∈ ∨2T ∗M), and the
divergence is div = Tr∇H ◦ ρ (∇H the metric connection with H-torsion), then

GRicg,H,div(U+, V−) =

(
R[g]ij +

1

6
HimkHj

mk

)
ρ(U+)

i ρ(V−)
j (85)

i.e. the generalized Ricci curvature is the Ricci tensor of the connection ∇H applied to the vector fields
corresponding to ρ(U+) and ρ(V−).

Remarks:

• Of course this is not even remotely close to full 10 dimensional Supergravity, whose field content
consists of dilaton, metric, H-form, Ramond-Ramond fluxes (higher forms satisfying a higher
version of Maxwell theory), as well as the fermionic partners like dilatino, gravitino etc.. Bosons
have been understood since the seminal work [19], but fermions have proven to be more elusive.
However, the formalism of generalized geometry stretches also to the fermions, see the recent
progress of [5] and subsequent articles, which recast and tidy up Supergravity as well as setting
the stage for quantization.

• The results presented so far are just valid in first order of perturbation theory in the string
coupling constant α′, so corrections/re-summing higher order in α′ is still an open question.
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